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entanglement-assisted quantum convolutional code from two
arbitrary classical binary convolutional codes. The resulting
quantum convolutional codes admit a Calderbank-Shor-Steane
(CSS) structure [2,3,36]. The rates and error-correcting prop-
erties of the two binary classical convolutional codes directly
determine the corresponding properties of the entanglement-
assisted quantum convolutional code.

Our techniques for encoding and decoding are also an
expansion of previous techniques from quantum convolutional
coding theory. Previous techniques for encoding and decoding
include finite-depth operations only. A finite-depth operation
propagates errors to a finite number of neighboring qubits
in the qubit stream. We introduce an infinite-depth operation
to the set of shift-invariant Clifford operations and explain
it in detail in Sec. VI. We must be delicate when using
infinite-depth operations because they can propagate errors to
an infinite number of neighboring qubits in the qubit stream.
We explain our assumptions in detail in Sec. VII for including
infinite-depth operations in our entanglement-assisted quan-
tum convolutional codes. An infinite-depth operation gives
more flexibility when designing encoding circuits—similar to
the way in which an infinite-impulse response filter gives more
flexibility in the design of classical convolutional circuits. It
also is the key operation enabling us to import arbitrary clas-
sical convolutional codes for entanglement-assisted quantum
coding.

Our CSS entanglement-assisted quantum convolutional
codes divide into two classes based on certain properties of the
classical codes from which we produce them. These properties
of the classical codes determine the structure of the encoding
and decoding circuit for the code, and the structure of the
encoding and decoding circuit in turn determines the class of
the entanglement-assisted quantum convolutional code.

1. Codes in the first class admit both a finite-depth
encoding and decoding circuit.

2. Codes in the second class have an encoding circuit that
employs both finite-depth and infinite-depth operations. Their
decoding circuits have finite-depth operations only.

We structure our work as follows. Sec. II reviews the
stabilizer formalism for quantum block codes, entanglement-
assisted quantum codes, and convolutional stabilizer codes.
We review the important isomorphism that allows us to
work with matrices of binary polynomials rather than infinite
tensor products of Pauli matrices. Sec. III reviews finite-depth
Clifford operations for use in encoding and decoding [31–33].
We outline the operation of an entanglement-assisted quantum
convolutional code and present our main theorem in Sec. IV.
This theorem shows how to produce a CSS entanglement-
assisted quantum convolutional code from two arbitrary clas-
sical binary convolutional codes. The theorem gives the rate
and error-correcting properties of a CSS entanglement-assisted
quantum convolutional code as a function of the parameters of
the classical convolutional codes. Sec. V completes the proof
of the theorem for our first class of entanglement-assisted
quantum convolutional codes. In Sec. VI, we introduce an
infinite-depth encoding operation to the set of shift-invariant
Clifford operations and discuss its effect on both the sta-
bilizer and the logical operators for the information qubits.
Sec. VII completes the proof of our theorem for the second
class of entanglement-assisted quantum convolutional codes.

We discuss the implications of the assumptions for the different
classes of entanglement-assisted quantum convolutional codes
while developing the constructions. Our hope is that our
theory will produce high-performance quantum convolutional
codes by importing high-performance classical convolutional
codes.

II. REVIEW OF THE STABILIZER FORMALISM

The stabilizer formalism is a mathematical framework
for quantum error correction [4,37]. This framework has
many similarities with classical coding theory, and it is even
possible to import a classical code for use in quantum error
correction by employing the CSS construction [2,3,36]. We
briefly review the stabilizer theory for quantum block codes,
entanglement-assisted quantum block codes, and quantum
convolutional codes (see Refs. [35,38] for a more detailed
review).

A. Stabilizer formalism for quantum block codes

The following four matrices,

I ≡
�

1 0
0 1

�
, X ≡

�
0 1
1 0

�
,

Y ≡
�

0 −i

i 0

�
, Z ≡

�
1 0
0 −1

�
,

in the Pauli group � = {I,X,Y,Z } are the most important
in formulating a quantum error-correcting code. Two crucial
properties of these matrices are useful: Each matrix in �
has eigenvalues equal to +1 or −1, and any two matrices
in � either commute or anticommute. Matrices in � act on
a two-dimensional complex vector, or equivalently, a single
qubit.

In general, a quantum error-correcting code uses n physical
qubits to protect a smaller set of information qubits against
decoherence or quantum noise. An n-qubit quantum error-
correcting code employs elements of the Pauli group � n. The
Pauli group � n consists of n-fold tensor products of Pauli
matrices:

� n =
�

ei� A1 ⊗ · · · ⊗ An : ∀j ∈ {1, . . . ,n},
Aj ∈ �, � ∈ {0,�/ 2,�, 3�/ 2}

�
. (1)

We liberally omit the tensor product symbol in what follows
so that A1 · · · An ≡ A1 ⊗ · · · ⊗ An. The above two crucial
properties for the single-qubit Pauli group � still hold for the
Pauli group � n (up to an irrelevant phase for the eigenvalue
property). Matrices in � n act on a 2n-dimensional complex
vector, or equivalently, an n-qubit quantum register.

We can phrase the theory of quantum error correction in
purely mathematical terms using elements of � n. Consider
a matrix g1 ∈ � n that is not equal to ±I . Matrix g1 then
has two eigenspaces each of size 2n−1. We can identify one
eigenspace with the eigenvalue +1 and the other eigenspace
with eigenvalue −1. Consider a matrix g2 ∈ � n different from
g1 that commutes with g1. Matrix g2 also has two eigenspaces
each of size 2n−1 and identified similarly by its eigenvalues
±1. Both g1 and g2 have simultaneous eigenspaces because
they commute. These matrices together have four different
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FIG. 1. The operation of a general stabilizer code. Thin lines
denote quantum information and thick lines denote classical informa-
tion. Slanted bars denote multiple qubits. A sender employs a unitary
encoding operation U to encode a set of information qubits in the state
|� 〉 with the help of ancilla qubits each in the state |0〉. The sender
transmits the encoded qubits over the noisy quantum communication
channel. The receiver performs quantum measurements to diagnose
which error has occurred. He finally performs a recovery operation
R to reverse the error from the channel.

eigenspaces, each of size 2n−2 and identified by the eigenvalues
±1, ± 1 of g1 and g2, respectively. We can continue this
process of adding more commuting and independent matrices
to a set S. The matrices in S are independent in the sense that
no matrix in S is a product of two or more other matrices in S.
Adding more matrices from � n to S continues to divide the
eigenspaces of matrices in S. In general, suppose S consists
of n − k independent and commuting matrices g1, . . . , gn−k ∈
� n. These n − k matrices then have 2n−k different eigenspaces
each of size 2k and identified by the eigenvalues ±1, . . . , ±1 of
g1, . . . , gn−k, respectively. Consider that the Hilbert space of
k qubits has size 2k. A dimension count immediately suggests
that we can encode k qubits into one of the eigenspaces of S.
We typically encode these k qubits into the simultaneous +1
eigenspace of g1, . . . , gn−k. This eigenspace is the codespace.
An [n,k] quantum error-correcting code encodes k information
qubits into the simultaneous +1 eigenspace of n − k matrices
g1, . . . , gn−k ∈ � n. The rate of an [n,k] code is the ratio of
information qubits to physical qubits: k/n .

The operation of an [n,k] quantum error-correcting code
consists of four steps. Figure 1 highlights these steps. First,
a unitary operation U encodes k qubits and n − k ancilla
qubits into the simultaneous +1 eigenspace of the matrices
g1, . . . , gn−k. The sender transmits the n encoded qubits by
using the noisy quantum communication channel n times.
The receiver performs quantum measurements of the n − k
matrices g1, . . . , gn−k. These measurements learn only about
errors that may occur and do not disturb the encoded quantum
information. Each measurement gives a bit result equal to
+1 or −1, and the result of all the measurements is to
project the n-qubit quantum register into one of the 2n−k

different eigenspaces of g1, . . . , gn−k. Suppose that no error
occurs. Then the measurements project the n qubits into the
simultaneous +1 eigenspace and return a bit vector consisting
of n − k ones. Now suppose that a quantum error in an error
set E occurs. The error takes the encoded quantum state out of
the codespace and into one of the other 2n−k − 1 orthogonal
eigenspaces. The measurements can detect that an error has
occurred because the result of the measurements is a bit vector
differing from the all ones vector. The receiver may be able

to identify uniquely which error has occurred if it satisfies the
following quantum error correction conditions:

∀Ea,Eb ∈ E ∃ gi ∈ S : {gi ,E •
aEb} = 0 or E•

aEb ∈ S.

The first condition states that errors are detectable if they
anticommute with one of the generators in S, and the second
condition states that errors have no effect on the encoded state
if they are in S. If the receiver can identify which error occurs,
he can then apply unitary operation R that is the inverse of the
error. He finally performs a decoding unitary that decodes the
k information qubits.

We comment briefly on the encoding operation U . The
encoding operation U is a special type of unitary matrix
called a Clifford operation. A Clifford operation U is one
that preserves elements of the Pauli group under conjugation:
A ∈ � n ⇒ UAU • ∈ � n. The controlled-NOT (C-NOT) gate,
the Hadamard gate H , and the phase gate P suffice to
implement any unitary matrix in the Clifford group [4]. A
quantum code with the CSS structure needs only the C-NOT
and Hadamard gates for encoding and decoding. The matrix
for the C-NOT gate acting on two qubits is

C-NOT =

�

�
�
�
�

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

�

	
	
	



, (2)

the matrix for the Hadamard gate H acting on a single qubit is

H = 1√
2

�
1 1
1 −1

�
, (3)

and the matrix for the phase gate P acting on a single qubit is

P =
�

1 0
0 i

�
. (4)

For the C-NOT gate, the first qubit is the “control” qubit and
the second qubit is the “target” qubit. The standard basis for
elements of the two-qubit Pauli group � 2 is as follows:

Z I

I Z

X I

I X

, (5)

because any element of � 2 is a product of the above four
matrices up to an irrelevant phase. The standard basis for � 1

is X and Z for the same reasons. The C-NOT gate transforms
the standard basis of � 2 under conjugation as follows:

Z I

I Z

X I

I X

→

Z I

Z Z

X X

I X

, (6)

where the first qubit is the control and the second qubit is the
target. The Hadamard gate H transforms the standard basis of
� 1 under conjugation as follows:

Z

X
→ X

Z
, (7)
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FIG. 2. The operation of a general entanglement-assisted stabi-
lizer code. The sender encodes a set of information qubits with the
help of ancilla qubits and her half of a set of shared ebits. She sends her
encoded qubits over a noisy quantum communication channel. The
entanglement-assisted communication paradigm assumes that the
receiver’s half of the shared ebits remain noiseless throughout this
process. The receiver combines the noisy qubits with his half of
the shared ebits. He performs measurements on all of the qubits to
diagnose which error occurs and reverses the effect of this error by
performing a recovery operation.

algorithm in Ref. [38], but they are quite a bit more complicated
because of the convolutional nature of our codes.

1. Rate of an entanglement-assisted quantum code

We can interpret the rate of an entanglement-assisted
quantum convolutional code in three different ways [21,22,38].
Suppose that an entanglement-assisted quantum code encodes
k qubits inn qubits with the help ofc ebits.

1. The “entanglement-assisted” rate assumes that entan-
glement shared between sender and receiver is free. Bennett
et al. make this assumption when deriving the entanglement-
assisted capacity of a quantum channel for sending quantum
information [26,27]. The entanglement-assisted rate for the
above example isk/n .

2. The “trade-off” rate assumes that entanglement is not
free and a rate pair determines performance. The �rst number
in the pair is the number of noiseless qubits generated per
channel use, and the second number in the pair is the number
of ebits consumed per channel use. The rate pair for the
above example is (k/n,c/n ). Quantum information theorists
have computed asymptotic trade-off curves that bound the
rate region in which achievable rate pairs lie [42]. Brun
et al.’s construction for an entanglement-assisted quantum
block code minimizes the numberc of ebits given a �xed
numberk and n of information qubits and encoded qubits,
respectively [21,22].

3. The “catalytic rate” assumes that bits of entanglement
are built up at the expense of transmitted qubits [21,22]. A
noiseless quantum channel or the encoded use of noisy quan-
tum channel are two different ways to build up entanglement
between a sender and receiver. The catalytic rate for the above
code is (k Š c)/n .

Which interpretation is most reasonable depends on the
context in which we use the code. In any case, the param-
etersn, k, andc ultimately govern performance, regardless
of which de�nition of the rate we use to interpret that
performance.

C. Stabilizer formalism for quantum convolutional codes

We review the theory of convolutional stabilizer codes by
considering a set of Pauli matrices that stabilize a stream of
encoded qubits. We follow with the most important part of
this review—the isomorphism from the set of Pauli sequences
to the module over the ring of binary polynomials [30,31,
35]. We name it the Pauli-to-binary (P2B) isomorphism. The
P2B isomorphism is important because it is easier to perform
manipulations with vectors of binary polynomials than with
Pauli sequences.

We review the notation and basic de�nitions �rst. A Pauli
sequenceA is a countably in�nite tensor product of Pauli
matricesAi :

A =

�

i = 0

Ai .

The weight of a Pauli sequence is the number of Pauli matrices
in the countably-in�nite tensor product that are not equal to
the identity matrix. A Pauli sequence has �nite support if its
weight is �nite. Let � Z +

denote the set of all Pauli sequences
and letF (� Z +

) denote the set of Pauli sequences with �nite
support.

DeÞnition 1. A rate-k/n quantum convolutional code
consists of a basic setG0 of n Š k generators and all of their
n-qubit shifts [29,30,35]. The generators inG0 commute with
each other and with all of theirn-qubit shifts. The parameters
k andn satisfy 0� k � n and the basic setG0 is as follows:

G0 = { Gi � F (� Z +
) : 1 � i � n Š k}.

A frame of the code consists ofn qubits.
The operation of a rate-k/n quantum convolutional code

begins with the sender encoding a stream of information
qubits. Figure3 of Ref. [38] illustrates the basic operation of a
quantum convolutional code. The sender encodesn Š k ancilla
qubits andk information qubits per frame [31,33] and transmits
the encoded qubits over a noisy quantum channel. The above
stabilizerG0 and all of its shifts act like a parity check matrix
for the quantum convolutional code. The receiver measures the
generators in the stabilizer to determine an error syndrome. It
is important that the generators inG0 have �nite weight so
that the receiver can perform the measurements and produce
an error syndrome. It is also important that the generators
have a block-band form so that the receiver can perform the
measurements online as the noisy encoded qubits arrive. The
receiver processes the error syndrome with a method such as
the Viterbi algorithm [43] or any other decoding algorithm [44]
to determine the most likely error for each frame of quantum
data. The receiver performs a unitary that reverses the errors.
He �nally processes the encoded qubits with a decoding circuit
to recover the original stream of information qubits.

1. The P2B isomorphism

We now review the P2B isomorphism from the set of
phase-free Pauli sequences to the module over the ring of
binary polynomials [30,35,38]. We illustrate it by example (see
Ref. [38] for a more rigorous development).
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generators in (11). We define the shifted symplectic product
of h1(D ) and h2(D ) as follows:

(h1 � h2)(D ) = z1(D−1) · x2(D ) + x1(D−1) · z2(D ),

where · denotes the binary inner product and addition is binary.
The shifted symplectic product (h1 � h2)(D ) vanishes in

the above case. The shifted symplectic products (h1 � h1)(D )
and (h2 � h2)(D ) also vanish. The shifted symplectic product
between two vectors of binary polynomials vanishes if and
only if their corresponding Pauli sequences commute [30,38].
Time reversal (substituting D−1 for D ) ensures that the shifted
symplectic product checks commutativity for every shift of
the two Pauli sequences being compared. The cases where
the shifted symplectic product does not vanish (where the
two Pauli sequences anticommute for one or more shifts)
are important for constructing entanglement-assisted quantum
convolutional codes.

3. Row and column operations

We can perform row operations on binary polynomial
matrices for quantum convolutional codes. A row operation
is merely a “mental” operation that has no effect on the states
in the codespace or on the error-correcting properties of the
code. We have three types of row operations:

1. An elementary row operation multiplies a row times
an arbitrary binary polynomial and adds the result to another
row. This additive invariance holds for any code that admits
a description within the stabilizer formalism. Additive codes
are invariant under multiplication of the stabilizer generators
in the “Pauli picture” or under row addition in the “binary-
polynomial picture.”

2. Another type of row operation is to multiply a row by
an arbitrary power of D . Ollivier and Tillich discuss such row
operations as “multiplication of a line by D” and use them
to find encoding operations for their quantum convolutional
codes [30]. Grassl and Rötteler use this type of operation to
find a subcode of a given quantum convolutional code with
an equivalent asymptotic rate and equivalent error-correcting
properties [31]. We use this type of row operation in each of our
two classes of entanglement-assisted quantum convolutional
codes.

3. We also employ row operations that multiply a row
by an arbitrary polynomial (not necessarily a power of D ).
We only use these operations when the receiver performs a
measurement to diagnose an error. This type of row operation
occurs when we have generators with infinite weight that we
would like to reduce to finite weight so that the receiver can
perform measurements in an online fashion as qubits arrive
from the noisy channel. We use this type of row operation in our
second class of entanglement-assisted quantum convolutional
codes.

A row operation does not change the shifted symplectic
product when all generators commute. A row operation does
change the shifted symplectic product of a set of generators
that do not commute. It is a convenient tool for constructing
our entanglement-assisted quantum convolutional codes.

We can also perform column operations on binary poly-
nomial matrices for quantum convolutional codes. Column
operations change the error-correcting properties of the code

and are important for realizing a periodic encoding circuit for
the code. We have two types of column operations:

1. An elementary column operation multiplies one column
by an arbitrary binary polynomial and adds the result to another
column. We implement elementary column operations with
gates from the shift-invariant Clifford group [31,33].

2. Another column operation is to multiply column i in
both the “X” and “Z” matrix by D l where l ∈ Z. We perform
this operation by delaying or advancing the processing of qubit
i by l frames relative to the original frame.

A column operation implemented on the “X” side of the
binary polynomial matrix has a corresponding effect on the “Z”
side of the binary polynomial matrix. This corresponding effect
is a manifestation of the Heisenberg uncertainty principle
because commutation relations remain invariant with respect to
the action of quantum gates. The shifted symplectic product is
therefore invariant with respect to column operations from the
shift-invariant Clifford group. We describe possible column
operations for implementing encoding circuits in the next
section.

III. FINITE-DEPTH CLIFFORD OPERATIONS

One of the main advantages of a quantum convolutional
code is that its encoding circuit has a periodic form. We
can encode a stream of quantum information with the same
physical routines or devices and therefore reduce encoding
and decoding complexity.

Ollivier and Tillich were the first to discuss encoding cir-
cuits for quantum convolutional codes [29,30]. They provided
a set of necessary and sufficient conditions to determine when
an encoding circuit is noncatastrophic. A noncatastrophic en-
coding circuit does not propagate uncorrected errors infinitely
through the decoded information qubit stream. Classical
convolutional coding theory has a well-developed theory of
noncatastrophic encoding circuits [44].

Grassl and Rötteler later showed that Ollivier and Tillich’s
conditions for a circuit to be noncatastrophic are too restrictive
[31–33]. They found subcodes of quantum convolutional codes
that admit noncatastrophic encoders. The noncatastrophic
encoders are a sequence of Clifford circuits with finite
depth. They developed a formalism for encapsulating the
periodic structure of an encoding circuit by decomposing the
encoding circuit as a set of elementary column operations.
Their decoding circuits are exact inverses of their encoding
circuits because their decoding circuits perform the encoding
operations in reverse order.

Definition 2. A finite-depth operation transforms every
finite-weight stabilizer generator to one with finite weight.

We review the finite-depth operations in the shift-invariant
Clifford group [31–33]. The shift-invariant Clifford group is
an extension of the Clifford group operations mentioned in
Sec. II A. We describe how finite-depth operations in the shift-
invariant Clifford group affect the binary polynomial matrix
for a code. Each of the following operations acts on every
frame of a quantum convolutional code.

1. The sender performs a C-NOT from qubit i to qubit j
in every frame where qubit j is in a frame delayed by k. The
effect on the binary polynomial matrix is to multiply column
i by Dk and add the result to column j in the “X” matrix and
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to multiply columnj by DŠk and add the result to columni
in the “Z” matrix.

2. A Hadamard on qubiti swaps columni in the “X” matrix
with columni in the “Z” matrix.

3. A phase gate on qubiti adds columni from the “X”
matrix to columni in the “Z” matrix.

4. A controlled-phase gate from qubiti to qubit j in a
frame delayed byk multiplies columni in the “X” matrix by
Dk and adds the result to columnj in the “Z” matrix. It also
multiples columnj in the “X” matrix by DŠk and adds the
result to columni in the “Z” matrix.

5. A controlled-phase gate from qubiti to qubit i in a
frame delayed byk multiplies columni in the “X” matrix by
Dk + DŠk and adds the result to columni in the “Z” matrix.

We use �nite-depth operations extensively in this work,
but we employ only the above Hadamard andC-NOT gates
because our entanglement-assisted quantum convolutional
codes have the CSS structure. Figure4 gives an example
of an entanglement-assisted quantum convolutional code that
employs several �nite-depth operations. The circuit encodes
a stream of information qubits with the help of ebits shared
between sender and receiver.

Multiple C-NOT gates can realize an elementary column
operation as described at the end of Sec.II . Suppose the
elementary column operation multiplies columni in the “X”
matrix by f (D) and adds the result to columnj . Polynomial
f (D) is a summation of some �nite set{l1, . . . ,l n} of powers
of D:

f (D) = D l1 + · · · + D ln .

We can realizef (D) by performing aC-NOT gate from qubiti
to qubitj in a frame delayed byli for eachi � { 1, . . . ,n}.

|� 1� A

|� 2� A

|� 3� A

|� 4� A

|� 5� A

|� 6� A

|� + � B A

|� + � B A

|� + � B A

|� + � B A

|� + � B A

|� + � B A

{
{
{
{
{
{

Frame 1

Frame 2

Frame 3

Frame 4

Frame 5

Frame 6

H

H

H

H

H

H

H

H

H

H

H

H

FIG. 4. (Color online) The �nite-depth encoding circuit for the
entanglement-assisted quantum convolutional code in Example 1.
The above operations in reverse order give a valid decoding circuit.

IV. CSS ENTANGLEMENT-ASSISTED QUANTUM
CONVOLUTIONAL CODES

An entanglement-assisted quantum convolutional code
operates similarly to a standard quantum convolutional code.
The main difference is that the sender and receiver share
entanglement in the form of ebits. An [[n,k; c]] entanglement-
assisted quantum convolutional code encodesk information
qubits per frame with the help ofc ebits andn Š k Š c ancilla
qubits per frame. Figure3 highlights the main features of the
operation of an entanglement-assisted quantum convolutional
code. The sender encodes a stream of quantum information
using both additional ancillas and ebits. The sender performs
the encoding operations on her qubits only (i.e., not including
the halves of the ebits in possession of the receiver). The
encoding operations have a periodic structure so that the same
operations act on qubits in different frames and give the code
a memory structure. The sender can perform these encoding
operations in an online manner as she places more qubits in
the unencoded qubit stream. The sender transmits her encoded
qubits over the noisy quantum communication channel. The
noisy channel does not affect the receiver’s half of the shared
ebits. The receiver combines the received noisy qubits with his
half of the ebits and performs measurements to diagnose errors
that may occur. These measurements may overlap on some
of the same qubits. The receiver then diagnoses errors using
a classical technique such as Viterbi error estimation [43],
reverses the errors that the channel introduces, and �nally
performs an online decoding circuit that outputs the original
information qubit stream.

Our main theorem below allows us to import two arbitrary
classical convolutional codes for use as a CSS entanglement-
assisted quantum convolutional code. Grassl and Rötteler
were the �rst to construct CSS quantum convolutional codes
from two classical binary convolutional codes that satisfy
an orthogonality constraint—the polynomial parity check
matricesH1(D) and H2(D) of the two classical codes are
orthogonal with respect to the shifted symplectic product [33]:

H1(D)H T
2 (DŠ1) = 0. (12)

The resulting symplectic code has a self-orthogonal parity-
check matrix when we join them together using the CSS
construction. Our theorem generalizes the work of Grassl and
Rötteler because we can import twoarbitrary classical binary
convolutional codes—the codes do not necessarily have to
obey the self-orthogonality constraint.

The theorem gives a direct way to compute the amount
of entanglement that the code requires. The number of ebits
required is equal to the rank of a particular matrix derived from
the check matrices of the two classical codes. It generalizes an
earlier theorem that determines the amount of entanglement
required for an entanglement-assisted quantum block code
[13].

Theorem 1 also provides a formula to compute the per-
formance parameters of the entanglement-assisted quantum
convolutional code from the performance parameters of the
two classical codes. This formula ensures that high-rate
classical convolutional codes produce high-rate entanglement-
assisted quantum convolutional codes. Our constructions also
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ensure high performance for the “trade-off” and “catalytic”
rates by minimizing the number of ebits that the codes require.

We begin the proof of the theorem in this section and
complete it in different ways for each of our two classes
of entanglement-assisted quantum convolutional codes in
Secs.V andVII . The proofs detail how to encode a stream
of information qubits, ancilla qubits, and shared ebits into a
code that has the CSS structure.

Theorem 1.Let H1 (D) and H2 (D) be the respective
check matrices corresponding to noncatastrophic, delay-free
encoders for classical binary convolutional codesC1 andC2.
Suppose that classical codeCi encodeski information bits with
n bits per frame wherei = 1,2. The respective dimensions of
H1 (D) and H2 (D) are thus(n Š k1) × n and (n Š k2) × n.
Then the resulting entanglement-assisted quantum convolu-
tional code encodesk1 + k2 Š n + c information qubits per
frame and is an [[n,k1 + k2 Š n + c; c]] entanglement-assisted
quantum convolutional code. The code requiresc ebits per
frame wherec is equal to the rank ofH1 (D) H T

2 (D Š1).
Let us begin the proof of the above theorem by constructing

an entanglement-assisted quantum convolutional code. Con-
sider the following quantum check matrix in CSS form:

�
H1(D)

0

�
�
�
�

0

H2(D)

�
. (13)

We label the above matrix as a “quantum check matrix”
for now because it does not necessarily correspond to a
commuting stabilizer. The quantum check matrix corresponds
to a set of Pauli sequences whose error-correcting properties
are desirable.

The following lemma begins the proof of the above theo-
rem. It details an initial decomposition of the above quantum
check matrix for each of our two classes of entanglement-
assisted quantum convolutional codes.

Lemma 1.Elementary row and column operations relate the
quantum check matrix in (13) to the following matrix:

�
E(D) F (D)

0 0

�
�
�
�

0 0

I 0

�
,

where E (D) is dimension (n Š k1) × (n Š k2), F (D) is
(n Š k1) × k2, the identity matrix is(n Š k2) × (n Š k2), and
the null matrix on the right is(n Š k2) × k2. We give a
de�nition of E (D) andF (D) in the following proof.

Proof.The Smith form [44] of Hi (D) for eachi = 1,2 is

Hi (D) = Ai (D)[ I 0]Bi (D), (14)

whereAi (D) is (n Š ki ) × (n Š ki ), the matrix in brackets is
(n Š ki ) × n, andBi (D) is n × n [44]. Let Bia(D) be the �rst
n Š ki rows of Bi (D) and letBib(D) be the lastki rows of
Bi (D):

Bi (D) =
�

Bia(D)

Bib(D)

�
.

The (n Š ki ) × (n Š ki ) identity matrix in brackets in (14)
indicates that the invariant factors ofHi (D) for eachi = 1,2
are all equal to one [44]. The invariant factors are all unity for
both check matrices because the check matrices correspond to
noncatastrophic, delay-free encoders [44]. The matricesAi (D)

andBi (D) are a product of a sequence of elementary row and
column operations, respectively [44].

Premultiplying Hi (D) by AŠ1
i (D) gives a check matrix

H �
i (D) for eachi = 1,2. Matrix H �

i (D) is a check matrix for
codeCi with equivalent error-correcting properties asHi (D)
because row operations relate the two matrices. This new check
matrixH �

i (D) is equal to the �rstn Š ki rows of matrixBi (D):

H �
i (D) = Bia(D).

The invariant factors ofH1(D)H T
2 (DŠ1) are equivalent to

those ofH �
1(D)H �T

2 (DŠ1) because they are related by row and
column operations [44]:

H1(D)H T
2 (D Š1) = A1(D)H �

1(D)H �T
2 (DŠ1)AT

2 (D Š1). (15)

We now decompose the above quantum check matrix into a
basic form using elementary row and column operations. The
row operations have no effect on the error-correcting properties
of the code, and the column operations correspond to elements
of an encoding circuit. We later show how to incorporate ebits
so that the quantum check matrix forms a valid commuting
stabilizer.

Perform the row operations in matricesAŠ1
i (D) for both

check matricesHi (D). The quantum check matrix becomes
�

B1a(D)

0

�
�
�
�

0

B2a(D)

�
. (16)

The error-correcting properties of the above generators are
equivalent to those of the generators in (13) because row
operations relate the two sets of generators. The matrixB2(D)
corresponds to a sequence of elementary column operations
B2,i (D):

B2(D) = B2,1(D) · · · B2,l (D) =
l


i = 1

B2,i (D).

The inverse matrixBŠ1
2 (D) is therefore equal to the above

sequence of operations in reverse order:

BŠ1
2 (D) = B2,l (D) · · · B2,1(D) =

1


i = l

B2,i (D).

Perform the elementary column operations inBŠ1
2 (D) with

C-NOT and SWAP gates [31]. The effect of each elementary
column operationB2,i (D) is to postmultiply the “X” matrix
by B2,i (D) and to postmultiply the “Z” matrix byBT

2,i (D
Š1).

Therefore, the effect of all elementary operations is to
postmultiply the “Z” matrix byBT

2 (D Š1) because

1


i = l

BT
2,i (D

Š1) =

�
l


i = 1

B2,i (DŠ1)

� T

= BT
2 (D Š1).

The quantum check matrix in (16) becomes
�

B1a(D)BT
2 (D Š1)

0

�
�
�
�

0 0

I 0

�
. (17)

Let E(D) be equal to the �rstn Š k1 rows andn Š k2 columns
of the “Z” matrix:

E(D) � B1,a(D)BT
2,a(DŠ1),
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and let F (D ) be equal to the first n − k1 rows and last k2
columns of the “Z” matrix:

F (D ) ≡ B1,a(D )BT
2,b(D−1).

The quantum check matrix in (17) is then equivalent to the
following matrix:

�
E (D ) F (D )

0 0

�
�
�
�

0 0
I 0

�
, (18)

where each matrix above has the dimensions stated in the
theorem above. �

The above operations end the initial set of operations that
each of our two classes of entanglement-assisted quantum con-
volutional codes employs. We outline the remaining operations
for each class of codes in what follows.

V. ENTANGLEMENT-ASSISTED QUANTUM
CONVOLUTIONAL CODES WITH FINITE-DEPTH

ENCODING AND DECODING CIRCUITS

This section details entanglement-assisted quantum convo-
lutional codes in our first class. Codes in the first class admit
an encoding and decoding circuit that employ finite-depth
operations only. The check matrices for codes in this class
have a property that allows this type of encoding and decoding.
The following lemma gives the details of this property, and
the proof outlines how to encode and decode this class of
entanglement-assisted quantum convolutional codes.

Lemma 2. Suppose the Smith form of H1(D )H T
2 (D−1) is

H1(D )H T
2 (D−1) = A(D )

�
� (D ) 0

0 0

�
B(D ),

where A(D ) is an (n − k1) × (n − k1) matrix, B(D ) is an
(n − k2) × (n − k2) matrix, � (D ) is a diagonal c × c matrix
whose entries are powers of D , and the matrix in brack-
ets has dimension (n − k1) × (n − k2). Then the resulting
entanglement-assisted quantum convolutional code has both
a finite-depth encoding and decoding circuit.

Proof. We begin the proof of this theorem by continuing
where the proof of Lemma IV ends. The crucial assump-
tion for the above lemma is that the invariant factors of
H1(D )H T

2 (D−1) are all powers of D . The Smith form of E (D )
in (18) therefore becomes

A−1
1 (D )A(D )

�
� (D ) 0

0 0

�
B(D )A−1

2 (D ),

by employing the hypothesis of Lemma V and (15). The rank
of both H1(D )H T

2 (D−1) and E (D ) is equal to c.
Perform the inverse of the row operations in A−1

1 (D )A(D )
on the first n − k1 rows of the quantum check matrix in
(18). Perform the inverse of the column operations in matrix
B(D )A−1

2 (D ) on the first n − k2 columns of the quantum
check matrix in (18). We execute these column operations with
Hadamard, C-NOT, and SWAP gates. These column operations
have a corresponding effect on columns in the “X” matrix,
but we can exploit the identity matrix in the last n − k2 rows
of the “X” matrix to counteract this effect. We perform row
operations on the last n − k2 rows of the matrix that act as the

inverse of the column operations, and therefore the quantum
check matrix in (18) becomes

�

�
�
�
�

� (D ) 0 F1(D )
0 0 F2(D )
0 0 0
0 0 0

�
�
�
�
�
�
�
�
�

0 0 0
0 0 0
I 0 0
0 I 0

�

	
	
	



,

where F1(D ) and F2(D ) are the first c and n − k1 − c respec-
tive rows of A−1(D )A1(D )F (D ). We perform Hadamard and
C-NOT gates to clear the entries in F1(D ) in the “Z” matrix
above. The quantum check matrix becomes

�

�
�
�
�

� (D ) 0 0
0 0 F2(D )
0 0 0
0 I 0

�
�
�
�
�
�
�
�
�

0 0 0
0 0 0
I 0 0
0 0 0

�

	
	
	



. (19)

The Smith form of F2(D ) is

F2(D ) = AF (D )[� F (D ) 0]BF (D ),

where � F (D ) is a diagonal matrix whose entries are powers
of D , AF (D ) is (n − k1 − c) × (n − k1 − c), and BF (D ) is
k2 × k2. The Smith form of F2(D ) takes this particular form
because the original check matrix H2(D ) is noncatastrophic
and column operations with Laurent polynomials change the
invariant factors only up to powers of D .

Perform row operations corresponding to A−1
F (D ) on the

second set of n − k1 − c rows with F2(D ) in (19). Perform
column operations corresponding to B−1

F (D ) on columns n −
k2 + 1, . . . ,n with Hadamard, C-NOT, and SWAP gates. The
resulting quantum check matrix has the following form:

�

�
�
�
�

� (D ) 0 0 0
0 0 � F (D ) 0
0 0 0 0
0 I 0 0

�
�
�
�
�
�
�
�
�

0 0 0 0
0 0 0 0
I 0 0 0
0 0 0 0

�

	
	
	



. (20)

We have now completed the decomposition of the original
quantum check matrix in (13) for this class of entanglement-
assisted quantum convolutional codes. It is not possible to
perform row or column operations to decompose the above
matrix any further. The problem with the above quantum check
matrix is that it does not form a valid quantum convolutional
code. The first set of rows with matrix � (D ) are not orthogonal
under the shifted symplectic product to the third set of rows
with the identity matrix on the “X” side. Equivalently, the
set of Pauli sequences corresponding to the above quantum
check matrix do not form a commuting stabilizer. We can use
entanglement shared between sender and receiver to solve this
problem. Entanglement adds columns to the above quantum
check matrix to resolve the issue. The additional columns
correspond to qubits on the receiver’s side. We next show in
detail how to incorporate ancilla qubits, ebits, and information
qubits to obtain a valid stabilizer code. The result is that we
can exploit the error-correcting properties of the original code
to protect the sender’s qubits.
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Consider the following check matrix corresponding to a
commuting stabilizer:

�

�
�
�
�

I I 0 0 0
0 0 0 I 0
0 0 0 0 0
0 0 I 0 0

�
�
�
�
�
�
�
�
�

0 0 0 0 0
0 0 0 0 0
I I 0 0 0
0 0 0 0 0

�

	
	
	



, (21)

where the identity matrices in the first and third sets of rows
each have dimension c × c, the identity matrix in the second
set of rows has dimension (n − k1 − c) × (n − k1 − c), and
the identity matrix in the fourth set of rows has dimension
(n − k2 − c) × (n − k2 − c). The first and third sets of c rows
stabilize a set of c ebits shared between Alice and Bob. Bob
possesses the “left” c qubits and Alice possesses the “right”
n qubits. The second and fourth sets of rows stabilize a set
of 2(n − c) − k1 − k2 ancilla qubits that Alice possesses. The
stabilizer, therefore, stabilizes a set of c ebits, 2(n − c) − k1 −
k2 ancilla qubits, and k1 + k2 − n + c information qubits.

Observe that the last n columns of the “Z” and “X” matrices
in the above stabilizer are similar in their layout to the entries
in (20). We can delay the rows of the above stabilizer by an
arbitrary amount to obtain the desired stabilizer. So the above
stabilizer is a subcode of the following stabilizer in the sense
of Ref. [31]:

�

�
�
�
�

� (D ) � (D ) 0 0 0
0 0 0 � F (D ) 0
0 0 0 0 0
0 0 I 0 0

�
�
�
�
�
�
�
�
�

0 0 0 0 0
0 0 0 0 0
I I 0 0 0
0 0 0 0 0

�

	
	
	



.

The stabilizer in (21) has equivalent error-correcting properties
to and the same asymptotic rate as the above desired stabilizer.
The above stabilizer matrix is an augmented version of the
quantum check matrix in (20) that includes entanglement. The
sender performs all of the encoding column operations detailed
in the proofs of this lemma and Lemma 1 in reverse order.
The result of these operations is an [[n,k1 + k2 − n + c; c]]
entanglement-assisted quantum convolutional code with the
same error-correcting properties as the quantum check matrix
in (13). The receiver decodes the original information-qubit
stream by performing the column operations in the order
presented. The information qubits appear as the last k1 +
k2 − n + c in each frame of the stream (corresponding to the
k1 + k2 − n + c columns of zeros in both the “Z” and “X”
matrices above). �

Example 1. Consider a classical convolutional code with
the following check matrix:

H (D ) = [1 + D 2 1 + D + D 2].

We can use H (D ) in an entanglement-assisted quantum
convolutional code to correct for both bit-flip errors and
phase-flip errors. We form the following quantum check
matrix:

�
1 + D 2 1 + D + D 2

0 0

�
�
�
�

0 0
1 + D 2 1 + D + D 2

�
. (22)

This code falls in the first class of entanglement-assisted
quantum convolutional codes because H (D )H T (D−1) = 1.
We do not show the decomposition of the above check matrix

as outlined in Lemma 2, but instead show how to encode
it starting from a stream of information qubits and ebits.
Each frame has one ebit and one information qubit. Let us
begin with a polynomial matrix that stabilizes the unencoded
state:

�
1 1 0
0 0 0

�
�
�
�

0 0 0
1 1 0

�
.

Alice possesses the two qubits on the “right” and Bob
possesses the qubit on the “left.” We label the middle qubit
as “qubit one” and the rightmost qubit as “qubit two.” Alice
performs a C-NOT from qubit one to qubit two in a delayed
frame and a C-NOT from qubit one to qubit two in a frame
delayed by two. The stabilizer becomes

�
1 1 0
0 0 0

�
�
�
�

0 0 0
1 1 D + D 2

�
.

Alice performs Hadamard gates on both of her qubits. The
stabilizer becomes

�
1 0 0
0 1 D + D 2

�
�
�
�

0 1 0
1 0 0

�
.

Alice performs a C-NOT from qubit one to qubit two in a
delayed frame. The stabilizer becomes

�
1 0 0
0 D D + D 2

�
�
�
�

0 1 D

1 0 0

�
.

Alice performs a C-NOT from qubit two to qubit one in a
delayed frame. The stabilizer becomes

�
1 0 0
0 D 1 + D + D 2

�
�
�
�

0 1 + D 2 D

1 0 0

�
.

Alice performs a C-NOT from qubit one to qubit two. The
stabilizer becomes
�

1 0 0
0 1 + D 2 1 + D + D 2

�
�
�
�

0 1 + D 2 1 + D + D 2

1 0 0

�
.

A row operation that switches the first row with the second
row gives the following stabilizer:
�

0 1 + D 2 1 + D + D 2

1 0 0

�
�
�
�

1 0 0
0 1 + D 2 1 + D + D 2

�
.

The entries on Alice’s side of the above stabilizer have
equivalent error-correcting properties to the quantum check
matrix in (22). Figure 4 illustrates how the above operations
encode a stream of ebits and information qubits for our
example.

4. Discussion

Codes in the first class are more useful in practice than those
in the second because their encoding and decoding circuits are
finite depth. An uncorrected error propagates only to a finite
number of information qubits in the decoded qubit stream.
Codes in the first class therefore do not require any assumptions
about noiseless encoding or decoding.

The assumption about the invariant factors in the Smith
form of H1(D )H T

2 (D−1) holds only for some classical check
matrices. Only a subclass of classical codes satisfy this
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FIG. 5. An example of an infinite-depth operation. A sequence of
C-NOT gates acts on the third qubit of every frame. This infinite-depth
operation effectively multiplies the third column of the “X” side of the
binary polynomial matrix by the rational polynomial 1/ (1 + D ) and
multiplies the third column of the “Z” side of the binary polynomial
matrix by 1 + D−1.

where 1/ (1 + D ) = 1 + D + D 2 + · · · is a repeating fraction.
The operation is infinite-depth because it translates the original
finite-weight stabilizer generator to one with infinite weight.

It is possible to perform a row operation that multiplies the
first row by D + 1. This operation gives a stabilizer matrix
that is equivalent to the desired stabilizer in (26). The receiver
of the encoded qubits measures the finite-weight stabilizer
generators in (26) to diagnose errors. These measurements do
not disturb the information qubits because they also stabilize
the encoded stream.

The above encoding operations transform the information-
qubit matrix as follows:

�
0 0 0
1 0 1 + D−1

�
�
�
�

0 0 1/ (1 + D )
0 0 0

�
. (28)

The infinite-depth operation on the third qubit has an effect
on the “Z” or left side of the information-qubit matrix as
illustrated in the second row of the above matrix. The effect is
to multiply the third column of the “Z” matrix by f (D−1) if
the operation multiplies the third column of the “X” matrix by
1/f (D ). This corresponding action on the “Z” side occurs
because the commutation relations of the Pauli operators
remain invariant under quantum gates, or equivalently, the
shifted symplectic product remains invariant under column
operations. The original shifted symplectic product for the
logical operators is one, and it remains as one because
f (D−1)−1/f (D ) = 1.

2. Decoding

We perform finite-depth operations to decode the stream of
information qubits. Begin with the stabilizer and information-
qubit matrix in (27) and (28), respectively. Perform a C-NOT
from the first qubit to the second qubit. The stabilizer becomes

�
0 0 0
0 1 0

�
�
�
�

1 0 1/ (1 + D )
0 0 0

�
,

and the information-qubit matrix does not change. Perform a
C-NOT from the third qubit to the first qubit in the same frame
and in a delayed frame. These gates multiply column three in
the “X” matrix by 1 + D and add the result to column one. The
gates also multiply column one in the “Z” matrix by 1 + D−1

and add the result to column three. The effect is as follows on
both the stabilizer:

�
0 0 0
0 1 0

�
�
�
�

0 0 1/ (1 + D )
0 0 0

�
, (29)

and the information-qubit matrix:
�

0 0 0
1 0 0

�
�
�
�

1 0 1/ (1 + D )
0 0 0

�
. (30)

We can multiply the logical operators by any element of the
stabilizer and obtain an equivalent logical operator [4]. We
perform this multiplication in the “binary-polynomial picture”
by adding the first row of the stabilizer in (29) to the first row
of (30). The information-qubit matrix becomes

�
0 0 0
1 0 0

�
�
�
�

1 0 0
0 0 0

�
, (31)

so that the resulting logical operators act only on the first qubit
of every frame. We have successfully decoded the information
qubits with finite-depth operations. The information qubits
teleport coherently [45,46] from being the third qubit of each
frame as in (25) to being the first qubit of each frame as in (31).
We exploit the above method of encoding with infinite-depth
operations and decoding with finite-depth operations for the
class of entanglement-assisted quantum convolutional codes
in Sec. VII.

B. General infinite-depth operations

We discuss the action of a general infinite-depth operation
on two weight-one “X” and “Z” Pauli sequences where each
frame has one Pauli matrix. Our analysis then determines the
effect of an infinite-depth operation on an arbitrary stabilizer or
information-qubit matrix. The generators in the “Pauli picture”
are as follows:

· · ·
�
�
�
�
I

I

�
�
�
�
X

Z

�
�
�
�

I

I

�
�
�
� · · · , (32)

or as follows in the “binary-polynomial picture”:
�

0
1

�
�
�
�

1
0

�
.

042333-13



ENTANGLEMENT-ASSISTED QUANTUM CONVOLUTIONAL . . . PHYSICAL REVIEW A 81, 042333 (2010)

{Frame 1

Frame 2

Frame 3

Frame 4

Frame 5

Frame 6

{
{
{
{
{
{
{

Frame 7

Frame 8

FIG. 6. Another example of an infinite-depth operation. An
infinite-depth operation acts on qubit i in every frame. This particular
infinite-depth operation multiplies column i on the “X” side of the
binary polynomial matrix by 1/

�
1 + D + D 3

�
and multiplies column

i on the “Z” side of the binary polynomial matrix by 1 + D−1 + D−3.

encoding unitary, shift by one frame, perform it again, and
keep repeating. Our method encodes any arbitrary polynomial
1/f (D ) on the “X” side and f (D−1) on the “Z” side.

We can implement the “time-reversed” polynomial
1/f (D−1) on the “X” side by first delaying the frames
by m = deg[f (D )] − del[f (D )] frames and performing the
circuit corresponding to 1/D m[f (D−1)]. These operations
implement the circuit Dm/D m[f (D−1)] = 1/f (D−1).

C. Infinite-depth operations in practice

We assume above that each of the infinite-depth operations
acts on the entire countably infinite stream of qubits. In
practice, each infinite-depth operation acts on a finite number
of qubits at a time so that the encoding and decoding circuits
operate in an “online” manner. Therefore, each infinite-depth
operation approximates its corresponding rational polynomial.
This approximation does not pose a barrier to implementation.
We can implement each of the above infinite-depth operations
by padding the initial qubits of the information qubit stream
with some “scratch” qubits. We first transmit these “scratch”
qubits that contain no useful quantum information so that
the later information qubits enjoy the full protection of the
code. These scratch qubits do not affect the asymptotic
rate of the code and merely serve as a convenience for
implementing the infinite-depth operations. From now on,
we adhere to describing infinite-depth operations with binary
rational polynomials because it is more convenient to do so
mathematically.

D. Entanglement-assisted quantum convolutional codes
with infinite-depth operations

In the section that follows, our entanglement-assisted
quantum convolutional codes have infinite-depth operations in
their encoding circuits. This possibility is acceptable because
the entanglement-assisted communication paradigm assumes
that noiseless encoding is possible and that the receiver’s half
of the ebits are noiseless. We later briefly discuss the effects
of relaxing this assumption in a realistic system.

Our decoding circuits in the second class of codes perform
finite-depth operations. Some of our decoding circuits are not
the exact inverse of their corresponding encoding circuits, but
the decoding circuits invert the effect of the encoding circuits
because they produce the original stream of information qubits
at their output.

VII. ENTANGLEMENT-ASSISTED QUANTUM
CONVOLUTIONAL CODES WITH INFINITE-DEPTH

ENCODING AND FINITE-DEPTH DECODING
CIRCUITS

This section details codes whose encoding circuits have
both infinite-depth and finite-depth operations. We therefore
assume that encoding is noiseless to eliminate the possibility
of encoding errors spreading infinitely into the encoded qubit
stream. Their decoding circuits require finite-depth operations
only.

Just as with the previous class, this class of codes is
determined by the properties of their corresponding classical
check matrices, as described in the following lemma.

Lemma 3. Suppose the Smith form of E (D ) does not
admit the form from Lemma 2. Then the entanglement-assisted
quantum convolutional code has an encoding circuit with both
infinite-depth and finite-depth operations. Its decoding circuit
has finite-depth operations.

Proof. We perform all of the operations from Lemma 1. The
Smith form of E (D ) is in general as follows:

AE (D )

�

�
�

� 1 (D ) 0 0
0 � 2 (D ) 0
0 0 0

�

	

 BE (D ) ,

where AE (D ) is (n − k1) × (n − k1), � 1 (D ) is an s × s
diagonal matrix whose entries are powers of D , � 2 (D ) is a
(c − s) × (c − s) diagonal matrix whose entries are arbitrary
polynomials, and BE (D ) is (n − k2) × (n − k2). Perform the
row operations in A−1

E (D ) and the column operations in
B−1

E (D ) on the quantum check matrix in (18). Counteract
the effect of the column operations on the identity matrix in
the “X” matrix by performing row operations. The quantum
check matrix in (18) becomes

�

�
�
�
�

� 1 (D ) 0 0 F1 (D )
0 � 2 (D ) 0 F2 (D )
0 0 0 F3 (D )
0 0 0 0

�
�
�
�
�
�
�
�
�

0 0
0 0
0 0
I 0

�

	
	
	



,

where F1 (D ), F2 (D ), and F3 (D ) are the respective s, c − s,
and n − k1 − c rows of A−1

E (D ) F (D ). The Smith form of
F3 (D ) is as follows:

F3 (D ) = AF3 (D ) [� F3 (D ) 0] BF3 (D ) ,

where AF3 (D ) is (n − k1 − c) × (n − k1 − c), � F3 (D ) is an
(n − k1 − c) × (n − k1 − c) diagonal matrix whose entries are
powers of D , and BF3 (D ) is k2 × k2. The entries of � F3 (D )
are powers of D because the original check matrix H2 (D ) is
noncatastrophic and column and row operations with Laurent
polynomials change the invariant factors only by a power of
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D. Perform the row operations inAŠ1
F3

(D) and the column
operations inBŠ1

F3
(D). The quantum check matrix becomes

�

�
�
�
�
�

� 1 (D) 0 0 F
�

1a (D) F
�

1b (D)

0 � 2 (D) 0 F
�

2a (D) F
�

2b (D)

0 0 0 � F3 (D) 0

0 0 0 0 0

�
�
�
�
�
�
�
�
�
�

0 0

0 0

0 0

I 0

�

	
	
	
	



,

where F
�

1a (D), F
�

1b (D), F
�

2a (D), F
�

2b (D) are the matrices
resulting from the column operations inBŠ1

F3
(D). Perform

row operations from the entries in� F3 (D) to the rows above
it to clear the entries inF

�

1a (D) andF
�

2a (D). Use Hadamard
andC-NOT gates to clear the entries inF

�

1b (D). The quantum
check matrix becomes

�

�
�
�
�

� 1 (D) 0 0 0 0

0 � 2 (D) 0 0 F
�

2b (D)

0 0 0 � F3 (D) 0

0 0 0 0 0

�
�
�
�
�
�
�
�
�

0 0

0 0

0 0

I 0

�

	
	
	



.

We can reduceF
�

2b (D) to a lower triangular form with an
algorithm consisting of column operations only. The algorithm
operates on the lastk2 + k1 Š n + ccolumns. It is similar to the
Smith algorithm but does not involve row operations. Consider
the �rst row of F

�

2b (D). Perform column operations between
the different elements of the row to reduce it to one nonzero
entry. Swap this nonzero entry to the leftmost position. Perform
the same algorithm on elements 2, . . . ,k2 + k1 Š n + c of the
second row. Continue on for all rows ofF

�

2b (D) to reduce it to
a matrix of the following form:

F
�

2b (D) 	
[

cŠs
� �� �
L (D)

k1+ k2Šn+ s
����

0 ]
,

whereL (D) is a lower triangular matrix. The above quantum
check matrix becomes

�

�
�
�
�

� 1 (D) 0 0 0 0 0

0 � 2 (D) 0 0 L (D) 0

0 0 0 � F3 (D) 0 0

0 0 0 0 0 0

�
�
�
�
�
�
�
�
�

0 0

0 0

0 0

I 0

�

	
	
	



.

We have completed decomposition of the �rst set ofs rows
with � 1 (D), the third set ofn Š k1 Š c rows with � F3 (D),
and rowsn Š k1 + 1, . . . ,n Š k1 + s with the identity matrix
on the “X” side.

We now consider an algorithm with in�nite-depth opera-
tions to encode the following submatrix of the above quantum
check matrix:

�
� 2 (D) L (D)

0 0

�
�
�
�
�

0 0

I 0

�

. (35)

We begin with a set ofc Š sebits andc Š s information qubits.
The following matrix stabilizes the ebits:

�
I I 0

0 0 0

�
�
�
�
�

0 0 0

I I 0

�

,

and the following matrix represents the information qubits:
�

0 0 I

0 0 0

�
�
�
�
�

0 0 0

0 0 I

�

,

where all matrices have dimension(c Š s) × (c Š s) and Bob
possesses thec Š s qubits on the “left” and Alice possesses
the 2(c Š s) qubits on the “right.” We track both the stabilizer
and the information qubits as they progress through some
encoding operations. Alice performsC-NOT and Hadamard
gates on her 2(c Š s) qubits. These gates multiply the middle
c Š s columns of the “Z” matrix byL (D) and add the result
to the lastc Š s columns and multiply the lastc Š s columns
of the “X” matrix by L T (DŠ1) and add the result to the middle
c Š s columns. The stabilizer becomes

�
I I L (D)

0 0 0

�
�
�
�
�

0 0 0

I I 0

�

,

and the information-qubit matrix becomes
�

0 0 I

0 0 0

�
�
�
�
�

0 0 0

0 L T (DŠ1) I

�

.

Alice performs in�nite-depth operations on her �rstc Š s
qubits corresponding to the rational polynomials� Š1

2,1 (D Š1),
. . ., � Š1

2,cŠs(D
Š1) in � Š1

2 (DŠ1). The stabilizer matrix becomes
�

I � 2 (D) L (D)

0 0 0

�
�
�
�
�

0 0 0

I � Š1
2 (DŠ1) 0

�

,

and the information-qubit matrix becomes
�

0 0 I

0 0 0

�
�
�
�
�

0 0 0

0 L T (DŠ1)� Š1
2 (DŠ1) I

�

.

Alice’s part of the above stabilizer matrix is equivalent
to the quantum check matrix in (35) by row operations
[premultiplying the second set of rows in the stabilizer by
� 2 (D)]. Bob can therefore make stabilizer measurements
that have �nite weight and that are equivalent to the desired
stabilizer.

We now describe a method to decode the above encoded
stabilizer and information-qubit matrix so that the information
qubits appear at the output of the decoding circuit. Bob
performs Hadamard gates on his �rst and third sets ofc Š s
qubits, performsC-NOT gates from the �rst set of qubits to the
third set of qubits corresponding to the entries inL (D), and
performs the Hadamard gates again. The stabilizer becomes

�
I � 2 (D) 0

0 0 0

�
�
�
�
�

0 0 0

I � Š1
2 (D Š1) 0

�

, (36)

and the information-qubit matrix becomes
�

0 0 I

0 0 0

�
�
�
�
�

0 0 0

L T (DŠ1) L T (D Š1)� Š1
2 (DŠ1) I

�

.

Bob �nishes decoding at this point because we can equivalently
express the information-qubit matrix as follows:

�
0 0 I

0 0 0

�
�
�
�
�

0 0 0

0 0 I

�

,
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by multiplying the lastc Š s rows of the stabilizer byL T (D Š1)
and adding to the lastc Š s rows of the information-qubit
matrix.

The overall procedure for encoding is to begin with a set of
cebits, 2(n Š c) Š k1 Š k2 ancilla qubits, andk1 + k2 Š n + c
information qubits. We perform the in�nite-depth operations
detailed in the paragraph with (35) for c Š s of the ebits.
We then perform the �nite-depth operations detailed in the
proofs of this lemma and Lemma 1 in reverse order. The
resulting stabilizer has equivalent error-correcting properties
to the quantum check matrix in (13).

The receiver decodes by �rst performing all of the �nite-
depth operations in the encoding circuit in reverse order. The
receiver then decodes the in�nite-depth operations by the
procedure listed in the paragraph with (36) so that the original
k1 + k2 Š n + c information qubits per frame are available for
processing at the receiving end. �

A. Special case of entanglement-assisted codes with
inÞnite-depth encoding circuits and Þnite-depth

decoding circuits

We now detail a special case of the above codes in
this �nal section. These codes are interesting because the
information qubits teleport coherently to other physical qubits
when encoding and decoding is complete.

Lemma 4.Suppose that the Smith form ofF (D) in (18) is

F (D) = AF (D) � F (D) 0BF (D) ,

whereAF (D) is (n Š k1) × (n Š k1), � F (D) is an(n Š k1) ×
(n Š k1) diagonal matrix whose entries are powers ofD, and
BF (D) is k2 × k2. Then the resulting entanglement-assisted
code admits an encoding circuit with both in�nite-depth
and �nite-depth operations and admits a decoding circuit
with �nite-depth operations only. The information qubits also
teleport coherently to other physical qubits for this special case
of codes.

Proof.We perform all the operations in Lemma 1 to obtain
the quantum check matrix in (18). Then perform the row
operations inAŠ1

F (D) and the column operations inBŠ1
F (D).

The quantum check matrix becomes
�

E� (D) � F (D) 0

0 0 0

�
�
�
�
�

0 0 0

I 0 0

�

,

whereE� (D) = AŠ1
F (D) E (D). The Smith form ofE� (D) is

E� (D) = AE� (D)

�

�
�

� 1 (D) 0 0

0 � 2 (D) 0

0 0 0

�

	

 BE� (D) ,

where AE� (D) is (n Š k1) × (n Š k1), � 1 (D) is an s × s
diagonal matrix whose entries are powers ofD, � 2 (D) is a
(c Š s) × (c Š s) diagonal matrix whose entries are arbitrary
polynomials, andBE� (D) is (n Š k2) × (n Š k2).

Now perform the row operations inAŠ1
E� (D) and the column

operations inBŠ1
E� (D). It is possible to counteract the effect

of the row operations on� F (D) by performing column
operations, and it is possible to counteract the effect of the
column operations on the identity matrix in the “X” matrix

by performing row operations. The quantum check matrix
becomes

�

�
�
�
�
�

� 1 0 0 �
�

1 0 0 0

0 � 2 0 0 �
�

2 0 0

0 0 0 0 0 �
�

3 0

0 0 0 0 0 0 0

�
�
�
�
�
�
�
�
�
�

0 0 0

0 0 0

0 0 0

I 0 0

�

	
	
	
	



,

where�
�

1, �
�

2, and�
�

3 represent the respectives × s, (c Š s) ×
(c Š s), and (n Š k1 Š c) × (n Š k1 Š c) diagonal matrices
resulting from counteracting the effect of row operations
AŠ1

E� (D) on � F (D). (We suppress theD argument in all of
the matrices in the above equation.) We use Hadamard and
C-NOT gates to clear the entries in�

�

1 (D). The quantum check
matrix becomes

�

�
�
�
�
�

� 1 0 0 0 0 0 0

0 � 2 0 0 �
�

2 0 0

0 0 0 0 0 �
�

3 0

0 0 0 0 0 0 0

�
�
�
�
�
�
�
�
�
�

0 0 0

0 0 0

0 0 0

I 0 0

�

	
	
	
	



.

The �rst s rows with � 1 and rowsn Š k1 Š c + 1, . . . ,n Š
k1 Š c + s with the identity matrix on the “X” side stabilize
a set ofs ebits. Then Š k1 Š c rows with � �

3 and then Š
k2 Š c rows with identity in the “X” matrix stabilize a set of
2(n Š c) Š k1 Š k2 ancilla qubits (up to Hadamard gates). The
s andk2 Š n + k1 columns with zeros in both the “Z” and “X”
matrices correspond to information qubits. The decomposition
of these rows is now complete.

We need to �nish processing thec Š s rows with � 2 (D)
and�

�

2 (D) as entries and thec Š s rows of the identity in the
“X” matrix. We construct a submatrix of the above quantum
check matrix:

�
� 2 (D) �

�

2 (D)

0 0

�
�
�
�
�

0 0

I 0

�

. (37)

We describe a procedure to encode the above entries with
c Š s ebits andc Š s information qubits using in�nite-depth
operations. Consider the following stabilizer matrix:

�
I I 0

0 0 0

�
�
�
�
�

0 0 0

I I 0

�

, (38)

where all identity and null matrices are(c Š s) × (c Š s).
The above matrix stabilizes a set ofc Š s ebits andc Š s
information qubits. Bob’s half of the ebits are thec Š s
columns on the left in both the “Z” and “X” matrices and
Alice’s half are the nextc Š s columns. We also track the
logical operators for the information qubits to verify that the
circuit encodes and decodes properly. The information-qubit
matrix is as follows:

�
0 0 I

0 0 0

�
�
�
�
�

0 0 0

0 0 I

�

, (39)

where all matrices are again(c Š s) × (c Š s). Alice performs
Hadamard gates on her �rstc Š s qubits and then performs
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C-NOT gates from her �rstc Š s qubits to her lastc Š s qubits
to transform (38) to the following stabilizer:

�
I 0 0

0 I 0

�
�
�
�
�

0 I �
�

2 (D)

I 0 0

�

.

The information-qubit matrix in (39) becomes
�

0 �
�

2(D Š1) I

0 0 0

�
�
�
�
�

0 0 0

0 0 I

�

.

Alice then performs in�nite-depth operations on her lastc Š
s qubits. These in�nite-depth operations correspond to the
elements of� Š1

2 (D). She �nally performs Hadamard gates on
her 2(c Š s) qubits. The stabilizer becomes

�
I I � Š1

2 (D) �
�

2 (D)

0 0 0

�
�
�
�
�

0 0 0

I I 0

�

, (40)

and the information-qubit matrix becomes
�

0 0 0

0 0 � Š1
2 (D)

�
�
�
�
�

0 �
�

2(D Š1) � 2(D Š1)

0 0 0

�

. (41)

The stabilizer in (40) is equivalent to the following stabilizer by
row operations [premultiplying the �rstc Š s rows by� 2 (D)]:

�
� 2 (D) � 2 (D) �

�

2 (D)

0 0 0

�
�
�
�
�

0 0 0

I I 0

�

. (42)

The measurements that Bob performs have �nite weight
because the row operations are multiplications of the rows
by the arbitrary polynomials in� 2 (D). Alice thus encodes a
code equivalent to the desired quantum check matrix in (37)
usingc Š s ebits andc Š s information qubits.

We now discuss decoding the stabilizer in (40) and
information qubits. Bob performsC-NOTs from the �rst c Š s
qubits to the nextc Š s qubits. The stabilizer becomes

�
0 I � Š1

2 (D) �
�

2 (D)

0 0 0

�
�
�
�
�

0 0 0

I 0 0

�

, (43)

and the information-qubit matrix does not change. Bob uses
Hadamard and �nite-depthC-NOT gates to multiply the last
c Š s columns in the “Z” matrix by�

�

2(D Š1)� 2 (D) and add
the result to the middlec Š s columns. It is possible to use
�nite-depth operations because the entries of�

�

2 (D) are all
powers ofD so that�

�

2(D Š1) = �
�Š1
2 (D). The stabilizer in

(43) becomes
�

0 0 � Š1
2 (D) �

�

2 (D)

0 0 0

�
�
�
�
�

0 0 0

I 0 0

�

,

and the information-qubit matrix in (41) becomes
�

0 0 0

0 �
�

2(DŠ1) � Š1
2 (D)

�
�
�
�
�

0 �
�

2(D Š1) 0

0 0 0

�

.

We premultiply the �rstc Š srows of the stabilizer by�
�

2(DŠ1)
and add the result to the secondc Š s rows of the information-
qubit matrix. These row operations from the stabilizer to the
information-qubit matrix result in the information-qubit matrix
having pure logical operators for the middlec Š s qubits.

Perform Hadamard gates on the second set ofc Š s qubits.
The resulting information-qubit matrix is as follows:

�
0 �

�

2(DŠ1) 0

0 0 0

�
�
�
�
�

0 0 0

0 �
�

2(DŠ1) 0

�

, (44)

so that the information qubits are available at the end of
decoding. Processing may delay or advance them with respect
to their initial locations because the matrix�

�

2(DŠ1) is diagonal
with powers ofD. We can determine that the information
qubits teleport coherently from the last set ofc Š s qubits to
the second set ofc Š s qubits in every frame by comparing
(44) to (39).

The overall procedure for encoding is to begin with a set of
cebits, 2(n Š c) Š k1 Š k2 ancilla qubits, andk1 + k2 Š n + c
information qubits. We perform the in�nite-depth operations
detailed in (37)–(42) for c Š s of the ebits. We then perform
the �nite-depth operations detailed in the proofs of this lemma
and Lemma 1 in reverse order. The resulting stabilizer has
equivalent error-correcting properties to the quantum check
matrix in (13).

The receiver decodes by �rst performing all of the �nite-
depth operations in reverse order. The receiver then decodes
the in�nite-depth operations by the procedure listed in (43) and
(44) so that the originalk1 + k2 Š n + c information qubits per
frame are available for processing at the receiving end.�

Example 2.Consider a classical convolutional code with
the following check matrix:

H (D) = [1 1 + D].

We can use the above check matrix in an entanglement-assisted
quantum convolutional code to correct for both bit �ips and
phase �ips. We form the following quantum check matrix:

�
1 1+ D

0 0

�
�
�
�
�

0 0

1 1+ D

�

. (45)

We �rst perform some manipulations to put the above quantum
check matrix into a standard form. Perform aC-NOT from qubit
one to qubit two in the same frame and in the next frame. The
above matrix becomes

�
DŠ1 + 1 + D 1 + D

0 0

�
�
�
�
�

0 0

1 0

�

.

Perform a Hadamard gate on qubits one and two. The matrix
becomes

�
0 0

1 0

�
�
�
�
�

D Š1 + 1 + D 1 + D

0 0

�

.

Perform aC-NOT from qubit one to qubit two. The matrix
becomes

�
0 0

1 0

�
�
�
�
�

D Š1 + 1 + D D Š1

0 0

�

.

Perform a row operation that delays the �rst row byD. Perform
a Hadamard on both qubits. The stabilizer becomes

�
1 + D + D2 1

‘0 0

�
�
�
�
�

0 0

1 0

�

.
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The receiver decodes the information qubits successfully
because a row operation from the first row of the stabilizer
to the first row of the information-qubit matrix gives the
proper logical operators for the information qubits. Figure 7
details the above encoding and decoding operations for this
entanglement-assisted quantum convolutional code.

B. Discussion

This second class of codes assumes that noiseless encoding
is available. We require this assumption because the encoding
circuit employs infinite-depth encoding operations.

If an error does occur during the encoding process, it
can propagate infinitely through the encoded qubit stream.
The result of a single encoding error can distort both the
encoded quantum information, the syndromes that result from
measurements, and the final recovery operations based on the
syndromes.

We may be able to relax the noiseless encoding assumption
if nearly noiseless encoding is available. The probability of an
error would have to be negligible in order to ensure that the
probability for a catastrophic failure is negligible. One way to
lower the probability of an encoding error is to encode first
with a quantum block code and then further encode with our
quantum convolutional coding method. Many classical coding
systems exploit this technique, the most popular of which is a
Reed-Solomon encoder followed by a convolutional encoder.

VIII. CONCLUSION AND CURRENT WORK

This work develops the theory of entanglement-assisted
quantum convolutional coding. We show several methods for
importing two arbitrary classical binary convolutional codes
for use in an entanglement-assisted quantum convolutional
code. Our methods outline different ways for encoding and
decoding our entanglement-assisted quantum convolutional
codes.

We introduce the notion of an infinite-depth operation for
encoding circuits. We use these infinite-depth operations in
both encoding and decoding. These operations are acceptable
if we assume that noiseless processing is available both at the
sender’s end and on the receiver’s half of shared ebits.

Our first class of codes employs only finite-depth operations
in their encoding and decoding procedures. These codes are
the most useful in practice because they do not have the risk of
catastrophic error propagation. An error that occurs during
encoding, measurement, recovery, or decoding propagates
only to a finite number of neighboring qubits.

Our second class of codes uses infinite-depth operations
during encoding. This assumption is reasonable only if
noiseless encoding is available. The method of concatenated
coding is one way to approach nearly noiseless encoding in
practice.

We suggest several lines of inquiry from here. Our codes are
not only useful for quantum communication, but should also be
useful for private classical communication because of the well-
known connection between a quantum channel and private
classical channel [25]. It may make sense from a practical
standpoint to begin investigating the performance of our
codes for encoding secret classical messages. The commercial
success of quantum key distribution for the generation of a
private shared secret key motivates this investigation. It is also
interesting to determine which entanglement-assisted codes
can correct for errors on the receiver’s side. Codes that possess
this property will be more useful in practice.
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