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Interference Channel

Quantum interference channel has two senders and two receivers

B11B2
L1,L2

Model as a ccqq channel: XL'1, L2 — [

M;

Task: First sender wants to communicate classical data
to first receiver and second sender to second receiver



Multiple Access Channel (MAC)

A

Achievable rate region:
B lef(Xl,BXg)
L1, L2 — pa:hmg Ry < I(X2; B|X1)

Channel is ccq:

p?
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A. Winter, “The Capacity of the Quantum Multiple Access Channel,” arXiv:quant-ph/9807019



Achievable Rate Region for the MAC

R, A
2 R <I(Xy;B|X2),,
Ry < I(X2;B|Xy),,
[(X5;BX;) Ri+ Ry < I(X1X2;B),

IX3B) - —— -4+

| >
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Can achieve this rate region with either

1) quantum successive decoding (winter'98)
2) quantum simultaneous decoding (sen'11 and FHSSW '11)



Quantum Successive Decoding
R A

I(XZ;BXI)

I(X5B) |- - 1o

| >
I(Xl;B) I(XI;BXZ) R,

Achieve the corner points of the above region and time-share!

For example, decode Sender 1 at rate /(X;B).
Then decode Sender 2 at rate /(X,;BX,).

We just need point-to-point codes for quantum successive decoding...
A. Winter, “The Capacity of the Quantum Multiple Access Channel,” arXiv:quant-ph/9807019



Point-to-Point HSW Coding

Consider a channel
with classical input and quantum output:

If we use random coding according to p, (x) at input,
then expected density operator at output is

Can use random coding to select codebook {x"(m)}
but need to design a decoding POVM



Sequential Decoding

Consider spectral decomposition: p = Z Az |2) (2]
Z

Use typical projector for expected state:

Mrs= 3 )"

z”ETSZﬂ’

And conditionally typical projectors for codeword states:

TP 75 = ® TPz 75

€T

Sequential decoding:
Just use conditionally typical projectors to ask,
“Is it the first codeword? Is it the second codeword? ....

7

P. Sen, “Achieving the Han-Kobayashi inner bound ...”, arXiv:1109.0802



Error Analysis
Analyze error probability for m" message:
1—Tr{Hp sT, 5T, s pm s T, 5 Hpm(g},
where H =1 —1I

Upper bound this using a noncommutative union bound:

1 — Tr{dy---Hipll; --- M} < 2\ > Tr{(I —II;)p}

1) Probability that codeword is not typical:
Tr{(I -1, s)pm} <€

2) Probability that some other codeword is typical.

Exr | ¥ Tr{ll, Tpnll,}| < [M]27X5)
_m’#m




Back to Successive Decoding

Sender 1 and Receiver code for Sender 2 and Receiver code for

a point-to-point channel with a point-to-point channel with
Sender 2's input as noise Sender 1's input available
X1

N Vit

X

Can do so at rate /(X ;B) Can do so at rate /(X ;BX.)

A. Winter, “The Capacity of the Quantum Multiple Access Channel,” arXiv:quant-ph/9807019



Quantum Simultaneous Decoding
R: |

I(XZ;BXI)

I(Xz;B)

I(XI;B) I(Xl; Xz) R,
Achieve any point in the above region without time-sharing.

Use a novel decoding POVM that gets both messages at the same time

Has application in codes for quantum interference channel (and other channels)

P. Sen, “Achieving the Han-Kobayashi inner bound ...”, 1109.0802
FHSSW, “Classical communication over a quantum interference channel, 1102.2624



Constructing a Quantum Simultaneous Decoder

n-fold versions of them

Consider the following states: have typical projections:
p$1’$2 Hm?awg — Hp:r?,:rg’aé
Pz = E :ng 332)/0331@2 H;v"'l"' — Hpmfim,é
Py = E px, (%1)Pz; 20 ey =p, 0.5
p = E : pX1 331)ng(332))09';1 T2 H HP,
r1,T2

Can use either the square-root measurement idea (FHSSW '11)

Or the sequential decoding idea (Sen '11)

P. Sen, “Achieving the Han-Kobayashi inner bound ...”, 1109.0802
FHSSW, “Classical communication over a quantum interference channel, 1102.2624



Sequential Decoding Approach

The decoder seems to require the projectors
H, H:BT’, H:z:'g', Ha:”f,a:"z”

In order to have good bounds on eigenvalues
of averaged density operators

So we might consider making measurements
from positive operators such as

ILIIpn Hpn on 1 n 11
1 122 1

But the noncommutative union bound requires projectors!

How to make an “intersection” projector?

P. Sen, “Achieving the Han-Kobayashi inner bound ...”, 1109.0802



“Intersection” of Projectors

/
Hm?’mg Define H;?@g, by taking O.N. basis {|v>} for llz» zn

N LN
L1 3To

& V|v) € supp(Hxlsz) [T gn|v)|l2 > 1 — €

\ \ Then 1_["_,};1’$2 < Ha;?,:z;g and
Hzp Tr{II;~ mnpztr"l"‘,:c"g"’} >1—e€

.’IJ]_,

Define Llzn zn by

. span{IIIL; [v) : [v) € supp(ILLy o)}

/ Hm?,mg plays the role of an
“intersection projector”

P. Sen, “Achieving the Han-Kobayashi inner bound ...”, 1109.0802



Properties of “Intersection” Projectors

Two critical properties for error analysis:

Operator inequality that follows from construction:

#ugt

We also have that

Tr{ILop op pap,ap} > 1 —

P. Sen, “Achieving the Han-Kobayashi inner bound ...”, 1109.0802



Simultaneous Decoder for the MAC

Just ask, “Is it the first message pair?
Is it the second message pair?” etc. ...

The error in doing so is

~ ~

]' o Tr {le,m35 ﬁpl—l,mgé "t le,laé pl,m le,135 T ﬁpl—l,m35 f[pl,maé}
Can “smooth” the state with the projector ng

Apply the non-comm. union bound
to the above error probability.

P. Sen, “Achieving the Han-Kobayashi inner bound ...”, 1109.0802



Simultaneous Decoder for the MAC (ctd.)

This leads to four error terms which we bound as
1) Pr{Not typical}

’]:1:[‘ {(I o f[pl,maé)]:[pmafspl,m]:[pmaé} E 6,

2) Pr{1st message wrong}

B s ST {Ty il } < 2710505
1" £
3) Pr{2"¥ message wrong}

Exp xp Z Tr{ﬁpz mermPl,mem} < M| 2 (X2 BX1)
m/#£m
Note: Very similar error analysis in FHSSW11
with square-root measurement

P. Sen, “Achieving the Han-Kobayashi inner bound ...”, 1109.0802



Conclusion and Current Work

Most important open problem:
Find a general three-sender quantum simultaneous decoder

If true, would allow us to produce a more complete theory
of information transmission over quantum network channels

Intuition for truth: The two-sender decoder given here shows that
codewords are asymptotically distinguishable
and thus are approximately orthogonal in the limit.
Why wouldn't this be true for the three-sender case?

The techniques discussed here have further applications to
1) Entanglement-assisted comm. (xu and wilde 1107.1347)

2) Quantum broadcast channels (savov and Wilde 1111.3645)
3) Quantum relay channels (savov, wilde, and vu 1201.222?)

4) Any other scenarios that make use of the
two-sender simultaneous decoding tricks?



Noncommutative Union Bound

Noncommutative union bound:

1 — Tr{ly---Hipll; --- O} < 2\ > Tr{(I —1L;)p}

Consider similarity with union bound:

N
Pr{(AiN---NAN)} =Pr{AfU---UAZ} <) Pr{As}
1=1

Should find widespread application in quantum info. theory

Already used in

plicit polar codes for classical data transmission
(Wilde & Guha 110

detector for achieving classical capacity of bosonic channel
(Wilde, Guha, Lloyc

P. Sen, “Achieving the Han-Kobayashi inner bound ...”, arXiv:1109.0802



Very Strong Interference

R; MAC to Rec. 1

MAC to Rec. 2

Conditions for VSI: I(X ;B X,) < I(X,;B.) AND /(X ;B.X,) < I(X;B,)

Strategy: Interference is so “very strong” that
it is best to decode “other sender” first

FHSSW, “Classical communication over a quantum interference channel, 1102.2624



Strong Interference
Rz,

MAC to Rec. 1

e MAC to Rec. 2

>
R,
Conditions for SI: I(X,;B.X.) < I(X,;B.X,) AND I(X;B.X,) < I(X.;B.X,)

Each receiver uses a two-sender quantum simultaneous decoder
to recover messages of both senders

FHSSW, “Classical communication over a quantum interference channel, 1102.2624



General Interference Channel

Best achievable rate regions in classical case are due to
Han and Kobayashi '81 and Chong, Motani, and Garg '06

Later was shown that the two rate regions are equivalent

One of us has shown how to achieve the CMG region with a
quantum simultaneous decoder for a restricted 3-sender MAC
and a geometric trick

P. Sen, “Achieving the Han-Kobayashi inner bound ...”, 1109.0802



