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Overview

O The Many Uses of a Quantum Channel (a review)

O The full trade-off between classical communication,
gquantum communication, and entanglement for a
quantum channel

© The Collins-Popescu Analogy

O The full trade-off between
public classical communication,
private classical communication, and secret key
for a quantum channel



The Many Uses of a Quantum Channel

Classical Data — Alice wishes to send “l love you” or “| don't love you”

1
Quantum Data — Alice sends — (| “I love you”) + |“I don’t love you”))

V2

Private Classical Data — A concerned Alice sends “I love
you” or “l don't love you” and doesn't want Eve to know

Assisting Resources — If Alice and Bob share any assisting
resources such as entanglement or secret key, this can help

Can also consume or generate these resources in addition to
using a quantum channel



Sending Classical Information over a
Quantum Channel (ctd.)

Alice | Bob
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Encoder just maps classical signal to a tensor product state

Decoder performs a measurement over all the output states
to determine transmitted classical signal



Sending Classical Information over a
Quantum Channel

Coding Strategy

(similar to that for classical case)

Use a quantum channel many times so that law of large
numbers comes into play

Code randomly with an ensemble of the following form:

{p(il?), Px }IEPL’

Channel input states are product states

—
Hey, that's my

Allow for small error but show that the error vanish idealll! _
large block length

Holevo, IEEE Trans. Inf. Theory, 44, 269-273 (1998).
Schumacher & Westmoreland, PRA, 56, 131-138 (1997).




Sending Classical Data over Quantum Channels

» MA

Correlate classical data with quantum stateéz |

S px(@)la)(zX © N =B (o)

Holevo information of a quantum channel:

N)Y= max I(X:;B
x(N) = max  I(X;B)

Holevo (1998), Schumacher and Westmoreland (1997)



Sending Private Data over Quantum Channels

Encoder just maps classical signal to a tensor product state

Decoder performs a measurement over all the output states to
determine transmitted classical signal

Devetak (2005), Cai, Winter, Yeung (2004)



Sending Private Data over Quantum Channels

Correlate classical data with channel input
N px(@)a)(zl* @ U ~PE(pd)
X

Private information of a quantum channel:

PN)= max I(X;B)—I(X;E)
{PX (:B) yPx }
Devetak (2005), Cai, Winter, Yeung (2004)



Sending Quantum Data over Quantum Channels

Preserving entanglement is the same as
transmitting quantum data

NA’—>B (quA’)
Coherent information of a quantum channel:

QWN) = max I(A)B)

where I(A)B) = H(B) — H(AB)

Lloyd (1997), Shor (2002), Devetak (2005)



Sending Quantum Data with Entanglement Assistance

Alice | Bob

Encoder is a random unitary mapping

Decoder decouples from Eve the quantum information Alice
would like to protect

Devetak, Harrow, Winter, IEEE Trans. Information Theory vol. 54, no. 10, pp. 4587-4618, Oct 2008
Devetak, Harrow, Winter, Phys. Rev. Lett., 93, 230504 (2004).



Father Protocol

Can achieve the following resource inequality:

(NA=EY 4 ;I(A; E)ylqq) > ;I (A;B),, [q — d]

where

UN’—>BE
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N
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&S

Devetak, Harrow, Winter, IEEE Trans. Information Theory vol. 54, no. 10, pp. 4587-4618, Oct 2008
Devetak, Harrow, Winter, Phys. Rev. Lett., 93, 230504 (2004).



First Setting: The CQE Setting

Reference
R

nC = log|M|-logl|L
nQ = log|A,|-log|A,
nE = log|Sa|—log|Ty

[1] Hsieh and Wilde. arXiv:0901.3038. IEEE Transactions on Information Theory, September 2010.
[2] Wilde and Hsieh. arXiv:1004.0458. The quantum dynamic capacity formula of a quantum channel.



Quantum Dynamic Capacity Theorem

The dynamic capacity region Ccqe(N) is

Ceqe(N) = U C((:QE(N ®k). (1)

The “one-shot” region CCQE (N) is

c8) () = UCCQEAN).

The “one-shot, one-state” region CCQE _(N) is the set of all rates C, Q, and E, such that

C +2Q < I(AX; B),, (2)

Q+ E <I(A)BX),, (3)
C+Q+E<I(X;B)s;+I(A)BX),. (4)

The above entropic quantities are with respect to a classical-quantum state %% where
=2 p(x) [x) (" @ N4 (g2%). (5)

One should consider states on A’* instead of A’ when taking the regularization.



Achievability Proof

There exists a protocol for
entanglement-assisted classical and quantum communication
that achieves the following rates:

(M=) 4 “I(AEIX), [qq) > ~1(4BIX), [q > q] + 1(X;B), [c > c]

Combine this with teleportation, dense coding, and entanglement distribution...
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Hsieh and Wilde. arXiv:0811.4227. IEEE Transactions on Information Theory, September 2010.



Father Code Definitions

Unencoded State:

o) @ |@)T At
where

QTLQ QTLE

RA, R Aq TATp __
A= 7 = 5 ™
k=1

Encoded State:

onQ

gArTa—A™ (|90>RA1 ® |P) TATB) Z% k) |¢5k>A B

rm)? = EMTa—AT (l:’f)ﬂL1 |m>TA)

Hsieh and Wilde, IEEE Trans. Inf. Theory, September 2010.
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Random Father Codes

Random father code is an ensemble of father codes:

{pc,C}

Expected

code density operator:

AH’LTB _

Expected

channel input density operator:

0% {,oAmTB (C)} " =Ec {PAm (C)}

Can make expected input close to a tensor power state!

_Afﬂ
17

_ p®ﬂ

1

< €

HSW coding theorem accepts tensor product input states!

Hsieh and Wilde, IEEE Trans. Inf. Theory, September 2010.



“Piggybacking” Classical Information

!

Given an ensemble: {pLII , p }
T
Tl

Given a typical input sequence: T

Can rewrite typical input sequence as follows:

Tl
:I: ﬁml“‘:1:1:1:2"':1:2"‘:1:‘%‘"':I:‘X‘:I:g
\l_.\,.—/\l_.\/.—/

’”’[pml _5] ’”’[pmz _5] ﬂ[pm|x|—<5}

Choose |X| father codes each with

Quantum communication rate: Entanglement Consumption rate:

] 1
S1(4; B)g, 5 [(A; E)g,

Devetak and Shor, Communications in Mathematical Physics, 256, 287-303 (2005)
Hsieh and Wilde, IEEE Trans. Inf. Theory, September 2010.



"Piggybacking” Classical Information (ctd.)

“Pasted” random father code has total rates:

Total Quantum Communication rate:

1
I (A;B|X)_ I(A;B
(4B %p s,

Total Entanglement Consumption rate:

I(AEX), =Y pla) I(AE),
reX
Can piggyback classical information with rate
I (X;B)_
By the HSW coding theorem

Devetak and Shor, Communications in Mathematical Physics, 256, 287-303 (2005)
Hsieh and Wilde, IEEE Trans. Inf. Theory, September 2010.



Proof Strategy for Coding Theorem
Random Coding

Show that expectation of average classical error probability and quantum error over
all random classically-enhanced father codes is small

Derandomization

Pick one that has small error.

Expurgation

Remove the father codes from the classically-enhanced father code tha
classical error probability. Ensures that resulting code has low maxim
probability.

idealll!

Hsieh and Wilde, IEEE Trans. Inf. Theory, September 2010.



Converse Proof

Can prove using just the simplest tools:

Assume the existence of a good catalytic protocol
(The actual state is close to the ideal state)

Alicki-Fannes' inequality for continuity of entropic terms
(Entropies are close if states are close)

Quantum data processing inequality
(Data processing cannot increase classical or quantum correlations)

Chain rule for guantum mutual information

Wilde and Hsieh. The quantum dynamic capacity formula of a quantum channel. arXiv:1004.0458.



Computing Boundary Points

To find a boundary point, consider parallel planes and
find the plane that just “kisses” the boundary of the capacity region

Can phrase this task as a convex optimization program:

max weoC 4+ w +wrpl
C,Q.Ep(a)da QR T wp

subject to

I(AX;B"),,

I(A)B"X)o,

I(X;B"), +I1(A)B"X),,
where

oA =) p(@)la) (@l @ NATTE (9247

C +2Q
Q+FE
C+Q+FE

IAIA N

Wilde and Hsieh. The quantum dynamic capacity formula of a quantum channel. arXiv:1004.0458



Computing Boundary Points (Ctd.)

The Lagrangian of this convex optimization program is
L(C,Q,E AAT N Ag, A
y &y Ly PX (.’L’) a(;bm y ALy N2y AJ

and equal to
woC +woQ +wgE + X1 (I (AX;B"™)_ — (C+2Q))
+ X2 (I (A)B"X), — (Q + E))
X3 (I(X;B™), +1(A)B"X), — (C +Q+ E))

lts Lagrangian dual is

g(AlaA27A3) — Sup L (CaQaEapX (CL') 7¢£AIH7A17A27A3)
O,Q,E,p(:c),qbﬁAm

Wilde and Hsieh. The quantum dynamic capacity formula of a quantum channel. arXiv:1004.0458
Boyd and Vandenberghe. Convex Optimization. 2004



The Quantum Dynamic Capacity Formula

The Lagrangian dual splits into two different optimizations:

Osng(wc—)\l—)\3)C—|—(wQ—2)\1—)\2—/\3)Q+(wE—)\2—/\3)E

+ A1 ( max I (AX;B")_+ %I(A)BT"X)U + % (I(X;B"), + I(A)B"’X)J))
1 1

p(z),p2 4™

The second part we call
the quantum dynamic capacity formula

If it single-letterizes, then the Lagrangian dual simplifies,
iImplying that the original convex optimization program is tractable!

For some channels, we can even get analytic solutions

Wilde and Hsieh. The quantum dynamic capacity formula of a quantum channel. ArXiv:1004.0458
Boyd and Vandenberghe. Convex Optimization. 2004



Channels with Single-Letter
Capacity Regions

Hadamard channel.:
Degradable, and the degrading map to Eve is entanglement-breaking

Examples: dephasing channel, cloning channel, Unruh channel

Erasure channel:

With some probability give state to Bob and erasure flag to Eve.
With complementary prob., give state to Eve and flag to Bob.

King, Matsumoto, Nathanson, Ruskai. Markov Processes and Related Fields, 13(2):391-423, 2007.
Hsieh and Wilde (2010), Bradler, Hayden, Touchette, Wilde (2010)



Example CQE Regions

Dephasing Channel Erasure Channel
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The Collins-Popescu Analogy between
the Classical and Quantum Worlds

The way that certain classical noiseless resources interact
is similar to the way that certain quantum resources interact

Classical Resources Quantum Resources

Public classical communication Classical communication

Secret Key <= —> Entanglement

Private classical communication Quantum communication

Collins and Popescu. Classical analog of entanglement. Physical Review A, 65(3):032321, February 2002.



Collins-Popescu Analogy (ctd.)

One-Time Pad Teleportation

XOR gate Public Classical Bell Measurement wo Classica

p A Channel ]//)A TChSrllnels l
—AB - Gm—
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Private Classical
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Collins-Popescu Analogy for Channels

We would expect a trade-off between
public classical communication,
private classical communication, and

secret key
to be similar to the CQE trade-off we just described

Alice’s lab A Uj\4[/ —BE

This holds for the above communication model,
but there are differences, and we will explicitly
see how the analogy breaks down....



Second Setting: The RPS Setting

Public + =) =
Private +32> M E

Secret Key - m=)

nP = log|M|-logl]]
nS = log|T4|-log|S4

Wilde and Hsieh. Public and private resource trade-offs for a quantum channel. arXiv:1005.3818.



Private Dynamic Capacity Theorem

The private dynamic capacity region Crps(N) is equal

Crps(N) = :EZJ ic}alp)s(j\f ®k), (1)

The “one-shot” region C}’ RPS ) (V) is
Caps (V) = U Cos (V).

The “one-shot, one-state” region C}(zp)s ,(N) is the set of all rates R, P, and S such that

R+P<I(YX;B),, (2)

P+S<I(Y;B|X), -I1(Y;E|X),, (3)

R+P+S<I(YX;B), -1(Y;E|X),. (4)

The above entropic quantities are with respect to a classical-quantum state 0*¥ 3£ where
X Y ' ,

o = pr v (6, 2) 1) (27 @ [y) ()" ® U ~PE (pi ) (5)

One should consider states on A’¥ instead of A’ when taking the regularization.



Achievability Proof

There exists a protocol for
secret-key-assisted public and private classical communication
that achieves the following rates:

(N +I(Y;E|X), [cc]pry 2 T (Y3 BIX), [€ > clpy + T (X5B), [ > ¢l

prwr =

Combine this with the
one-time pad,
private-to-public transmission,
and secret key distribution...

Hsieh and Wilde. Public and private communication with a quantum channel and a secret key.
Physical Review A 80, 022306 (2009)



Converse Proof

Can again prove using just the simplest tools:

Assume the existence of a good catalytic protocol
(The actual state is close to the ideal state)

Alicki-Fannes' inequality for continuity of entropic terms
(Entropies are close if states are close)

Quantum data processing inequality
(Data processing cannot increase classical or quantum correlations)

Chain rule for guantum mutual information

Wilde and Hsieh. Public and private resource trade-offs for a quantum channel. arXiv:1005.3818.



Example RPS Regions

Dephasing Channel Erasure Channel

umption rate

Secret key cons

R+P < (1-¢),

< (1-26)H,(p),
R+P+S < 1-€e-€eH,(p)

pelo.1/2]

. . L 1.5 25 . . L.
Private classical communication rate Public classical communication rate



Conclusion and Open Questions

Open question: Other examples of channels for which we
can compute the capacity regions?

Open question: Complete the Collins-Popescu analogy for
the case of a shared state?

Open question: Trade-offs in network quantum Shannon
theory?

Open speculative question: Could the inequalities here
correspond to some fundamental physical law?



